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Abstract Using the finite element analysis, the deep

indentation of strain-hardening elastoplastic materials by a

rigid, spherical indenter has been studied. The simulation

results clearly show that the ratio of the indentation load to

the maximum indentation depth increases with the increase

of the strain-hardening index and reaches a maximum value

at the maximum indentation depth being about 10% of the

indenter radius. The power law relation between the inden-

tation load and the indentation depth for shallow indentation

becomes invalid for deep indentation. However, the ratio of

the plastic energy to the total mechanical work is a linear

function of the ratio of the residual indentation depth to the

maximum indentation depth, independent of the strain-

hardening index and the indentation depth.

Introduction

The indentation test is a technique for measuring mechanical

properties of materials of small volume, including thin films

and micromechanical structures. The test itself is based on

the concept of the hardness test, in which both the resistance

to penetration and the displacement of indenter are recorded

and analyzed. Depending on the size of the indenter tip and

the resolutions of the indentation depth and indentation load,

indentations can be made on micron or nano level. As the

technology of producing micromechanical and nanome-

chanical structures is going on increasing, the importance of

characterizing mechanical properties at the submicron scale

is going on increasing. This has stimulated the interest in

understanding the indentation deformation of materials from

continuum mechanics to molecular mechanics.

The indentation deformation consists of elastic and

plastic deformation. Various methods have been developed

in solving the indentation deformation of elastic materials

[1–7], including the use of stress-potential functions and

integral transforms. Analytical solutions have been

obtained, which provide the rational of characterizing

elastic properties of materials from the contact deformation.

The elastoplastic deformation during indentation is much

more complex, and there is no analytical solution describing

the indentation deformation. Numerical analysis has

become a major technique to study the indentation defor-

mation of elastoplastic materials [8–15]. Shih et al. [8]

evaluated the effect of the indenter tip on the relation

between contact area and depth of indent. Montmitonnet

et al. [9] performed the finite element analysis of spherical

indentation on elastoplastic materials. They focused on the

discussion of friction law and sliding/sticking threshold.

Sadeghipour et al. [10] addressed the formation of ring

cracks in the finite element analysis of spherical indentation

of polymer-based materials. Shu and Fleck [11] analyzed a

size effect in microindentation, using the theory of the strain

gradient plasticity, and evaluated the effect of contact

friction. Taljat et al. [12] used the finite element method to

analyze spherical indentation of elastoplastic materials and

established a procedure to construct stress–strain curves. Ni

et al. [16] examined the spherical indentation of elasto-

plastic materials with work hardening and obtained two

relations among mechanical properties and the indentation

parameters. However, most studies focused on shallow
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indentation. There is little study on deep indentation of

elastoplastic materials by a spherical indenter and on the

dependence of the dissipated plastic energy on the strain-

hardening index in an indentation loading–unloading cycle.

The purpose of this work is to use the finite element

method to analyze the indentation of elastoplastic materials

by a rigid, spherical indenter. The elastoplastic materials are

modeled by a power-law constitutive relationship between

stress and strain. In contrast to the work reported in litera-

ture, the focuses are on deep indentation and on the effect of

the strain-hardening index on the indentation deformation.

Discussions are also given on the effect of the strain-hard-

ening index on the energy ratio of the dissipated plastic

energy to the total mechanical work. In the simulation, we

assume: (1) the material is isotropic and homogeneous,

(2) the system is isothermal, and (3) the material is not

subjected to body force.

Boundary value problem

For an elastoplastic material obeying the power-law rela-

tion, the 1-D stress–strain relation subjected to uniaxial

stress is

r ¼ Ee
ryðEe=ryÞn

for
e� ry=E
e� ry=E

�
ð1Þ

where E, e, r, ry, and n are Young’s modulus, strain, stress,

yield stress, and the strain-hardening index, respectively. n

is generally less than 0.5. The corresponding constitutive

relation in three dimensions can be established using the

von Mises flow rule [17] with strain hardening. The linear

kinematic relations are used between the components of the

strain tensor and the increments of the displacement field.

Without any body force, the mechanical equilibrium

conditions are assumed valid during indentation,

orij

oxj
¼ 0 ð2Þ

where rij (i,j = 1, 2, 3) are the components of the stress

tensor, xi are the components of the position vector of a

material point.

As shown in Fig. 1, a rigid, spherical indenter is pressed

onto the surface of a semi-infinite elastoplastic material.

The contact boundary conditions in a cylindrical coordinate

(r, h, z) are

rrzðr; 0Þ ¼ 0 for r\a ð3Þ
uzðr; 0Þ ¼ f ðrÞ � d for r\a ð4Þ

where rrz and rzz are, respectively, the shear and normal

components of the stress tensor, uz is the displacement

component along the loading direction, f(r) is the surface

profile of the indenter tip, d is the displacement of the

indenter, and a is the radius of the contact area to be

determined in the simulation. Equation 3 represents the

condition of frictionless contact between the indenter and

the material. Outside the contact area, the surface is at

stress-free state, i.e.

rrzðr; 0Þ ¼ rzzðr; 0Þ ¼ 0 for r [ a ð5Þ
The far field condition requires, rrzðr; zÞ ! 0; rzzðr; zÞ !

0; urðr; zÞ ! 0; and uzðr; zÞ ! 0 as r !1 or z! �1.

The indentation load applied to the indenter can be calculated

as

F ¼ �2p
Z a

0

rzzðr; 0Þrdr ð6Þ

For ry !1, the indentation problem reduces to the

elastic contact between a rigid sphere and an elastic half-

space. The closed-form solution is due to Hertz [1].

Sneddon [4] later derived a general load–displacement

relation for elastic indentation of semi-infinite materials

by a rigid, axisymmetric indenter, in which the contact

between the indenter and the material is frictionless. For the

contact radius being much less than the radius of the

spherical indenter (i.e. the separation between the surface of

the spherical indenter and the surface of an elastic halfspace

is approximated as r2/2R), the relations among the contact

radius, the displacement of the spherical indenter, and the

indentation depth are

a ¼ 3ð1� m2ÞFR

4E

� �1=3

and d ¼ a2

R
ð7Þ

where R is the radius of the spherical indenter, and m is the

Poisson ratio of the material.

Fig. 1 Schematic of the axisymmetric indentation of a semi-infinite

elastoplastic material
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Numerical simulation

As mentioned in previous section, it is impossible to obtain

a closed-form solution for the indentation problems of

elastoplastic materials. To study deep indentation of an

elastoplastic material, the finite element method is used

with focus on the effect of strain hardening. The simulation

uses commercial finite element code of ABAQUS 6.6-1

(Dassault Systèms Simulia Corp. Providence, RI). The

overall size of the finite element model is taken large

enough to ensure the characteristic of a half space. The

ratio of the radius of the rigid, spherical indenter to the

length of the geometrical model is 1:12 along the loading

and radial directions to allow for considerable decrease in

deformation before reaching constrained boundaries. The

nodes along the axisymmetric axis are constrained in the

radial direction to simulate axisymmetric nature of the

problem, and the nodes on the bottom side of the model are

constrained in the z-direction. Generally, the indentation

deformation can be divided into the loading and unloading

of the indenter onto and out of the material. In the simu-

lation, the loading and unloading are done in two steps by

controlling the displacement of the indenter.

Figure 2 shows the finite element mesh used in the

simulation. Fine mesh is used just adjacent to the indenter,

and the element size gradually increases away from the

indenter. The element CAX4R (axi-symmetrical element

with four nodes and quadrilateral cross-section) is used.

There are two degrees of freedom at each node, one in the

radial direction and the other in the z-direction. The

indenter is modeled as an analytically rigid surface. The

contact formulation is applied between the analytically

rigid indenter and the surface of the material. The fric-

tionless contact is incorporated in the contact formulation

of the indenter and the specimen.

In the simulation, the radius of the spherical indenter is

50 lm. Table 1 lists the material properties (elastic prop-

erties and yield stress).

To examine the validation of the finite element model,

elastic indentation is performed first with frictionless con-

tact between the indenter and the material. The solutions

for the dependence of the indentation depth on the inden-

tation load are compared to the Hertzian contact theory, as

shown in Fig. 3. For d=R� 1:25� 10�3, the finite element

results are the same as those given by the Hertzian contact

theory, while for d=R [ 1:25� 10�3 the finite element

results deviate from the Hertzian contact theory. The per-

cent error is 19% for d=R [ 0:01. The Hertzian contact

theory cannot accurately describe the deformation created

by deep indentation, as expected.

Results and discussion

The finite element simulation has been performed by using

the condition of frictionless contact between the indenter

and the material. The indentation results are normalized by

using the parameters of F=pER2 and d/R for the indentation

load and the indentation depth, respectively. Figure 4

shows the indentation loading–unloading curves for the

strain-hardening indexes of 0, 0.1, 0.2, 0.3, and 0.4.

Clearly, higher indentation load is required to make the

same indentation depth for the materials of large strain-

hardening index than that for the materials of smallFig. 2 Finite element model of the indentation deformation

Table 1 Material properties of AA6061-T6

Material E (GPa) Poisson ratio Yield stress (MPa)

AA 6061-T6 69 0.33 255

10-6
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10-4
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10-2

0.1

1

Finite element results

10-4 10-3 10-2 0.1 1

Eq. (7)
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Fig. 3 Comparison of the finite element results with the Hertzian

contact theory
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strain-hardening index. The strain hardening has no sig-

nificant effect on the slope of the unloading curves at the

onset of the unloading, as expected. This suggests that the

unloading behavior is controlled by the elastic properties of

materials if there is no change in the microstructure and

defects of materials. It is worth mentioning that there exist

numerous dislocations and dislocation networks in metals,

which could alter the unloading behavior of metals due to

plastic recovery. However, this work only focuses on the

indentation deformation from continuum plasticity.

Figure 5 shows the effect of the strain-hardening index

on the ratio of the dimensionless force, F=pER2, to the

dimensionless indentation depth, d/R. In general, the ratio

increases with the increase in the strain-hardening index for

the same indentation depth due to the strain-hardening

behavior. However, approximately linear relation between

the strain-hardening index and the ratio is observed for

d=R\0:05 and d=R� 0:2. The ratio reaches the maximum

value at d=R � 0:1, dependent of the strain-hardening

index. Such a behavior reveals the effect of the indenter

size on the indentation deformation. The indentation

deformation is a complicated function of the strain-hard-

ening index and the indentation load, even though the

indentation depth increases with the increase in the

indentation load.

In general, the indentation load is a power function of

the indentation depth with the power in the range of 1.2–2

for shallow indentation. Figure 6 shows the dependence of

the ratio on the indentation depth for different strain-

hardening indexes. The ratio increases first with increasing

the indentation depth, reaches the maximum value, and

then decreases with the indentation depth. The results

suggest that the relation between the indentation depth and

the indentation load cannot be simply described by a power

function. Actually, such a power law relation can only hold

for shallow indentation of d=R� 0:05 for 0:1� n� 0:4, as

shown in Fig. 6. Caution needs to be taken in analyzing

experimental results for indentations by rigid, spherical

indenters.

From the computed indentation loading–unloading

curve, one can calculate the total mechanical work done to

the material as

W ¼
Z dmax

0

Fdd ð8Þ

where dmax is the maximum indentation depth. The

mechanical work can be calculated from the area under

the indentation loading curve. One can calculate the elastic

recovery energy released during the unloading process,

Eelastic, as

Eelastic ¼
Z dmax

dr

Fundd ð9Þ

where dr is the residual indentation depth. The elastic

recovery energy can be evaluated from the area under the

0
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Strain hardening index: 
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Fig. 4 Typical indentation loading–unloading curves for various

strain-hardening indexes
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Fig. 5 Dependence of the ratio of the dimensionless load (F=pER2)

to the dimensionless depth (d=R) on the strain-hardening index; (a)

the results for d=R� 0:1 and (b) the results for d=R� 0:1
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unloading curve. Thus the plastic energy dissipated in an

indentation loading–unloading cycle, Eplastic, as represented

by the area enclosed by the indentation loading–unloading

curve and the depth axis, is given as

Eplastic ¼ W � Eelastic ð10Þ

It has been proposed [18] for sharp indenters that there

exists a linear relationship between the energy ratio,

Eplastic=W , and the indentation depth ratio, dr=dmax, for

dr=dmax [ 0:4. Figure 7 shows the dependence of the

energy ratio on the indentation-depth ratio for the

indentation depth up to 0.9R. Clearly, the energy ratio is a

linear function of the indentation-depth ratio in accordance

with the results for indentation by sharp indenters [18].

Using curve-fitting for a linear function, the relation

between the energy ratio and the indentation-depth ratio

can be written as

Eplastic

W
¼ 0:0879þ 0:923

dr

dmax

ð11Þ

one can obtain the extrapolated value of the energy ratio as

dr=dmax ! 0. The extrapolated value of the energy ratio is

0.0879 in contrast to the value of -0.27 given by Cheng

et al. [18] for sharp instrumented indentations. Such a

difference is likely due to the shape effect of the indenter

tip, which creates different stress field underneath the

indenter and different plastic deformation zone. Severer

plastic deformation is made by sharp indenters than those

by spherical indenters. As shown in Fig. 7, there are always

slight deviations from the linear relation of (11) for dif-

ferent strain-hardening indexes, suggesting that Eq. 11 can

only describe the general trend between the energy ratio

and the indentation depth ratio. For each specific material,

the exact relation between the energy ratio and the

indentation depth ratio will be slight different. This could

be the reason that Eq. 11 is different from the relationship

proposed by Ni et al. [16] for the spherical indentation of

elastoplasic materials with the mechanical properties of

ry=E ¼ 0:025, m = 0.2, and n = 0.5, even though the lin-

ear relation could be regarded as ‘‘universal’’. It is worth

mentioning that it is unclear if the linear relation is valid

for the materials with gradient of strain hardening along the

loading direction.

One of important parameters affecting the analysis of

the indentation deformation is the size of the pile-up.

Figure 8 shows the dependence of the pile-up on the strain-

hardening index at the maximum indentation depth of 0.9R.

The pile-up linearly decreases with the increase in the

strain-hardening index. The material has larger pile-up at

the unloading state than that subjected to the peak inden-

tation load. During the unloading, elastic recovery occurs

which allows material to move to the self-equilibrium state.
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Fig. 6 Dependence of the ratio of the dimensionless load (F=pER2)

to the dimensionless depth (d=R) on the indentation depth for

different strain-hardening indexes
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Summary

The finite element analysis has been used to simulate the

deep indentation of strain-hardening, elastoplastic mate-

rials by a rigid, spherical indenter. The displacement of

the indenter has been pushed up to 90% of the radius of

the spherical indenter onto the materials. A linear relation

is observed between the strain-hardening index and the

ratio of the peak indentation load to the maximum

indentation depth. The power law relation between the

indentation load and the indentation depth is only valid

for shallow indentation of the maximum indentation depth

up to 5% of the indenter radius. For deep indentation, the

power law relation breaks, and caution needs to be taken

in analyzing experimental results for deep indentations by

spherical indenters. Similar to sharp instrumented inden-

tation for the ratio of the residual indentation depth to the

maximum indentation depth larger than 0.57, the ratio of

the plastic energy to the total mechanical work is a linear

function of the ratio of the residual indentation depth to

the maximum indentation depth for the indentations by

spherical indenters, independent of the strain-hardening

index. However, the extrapolated value of the energy

ratio is different from that for the sharp instrumented

indentation.
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